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Functors on triangulated tensor categories
Yu-Han Liu
1 Introduction
1.1 Introduction
(1.1.1) In this paper we dene the funtorial spetrum jSp(T )j for every triangulated tensor
ategory; this means that T is a triangulated ategory on whih we have a monoidal ategory
struture, or a \tensor produt", (a; b) 7! a
 b whih is exat in both variables. The entral
idea of replaing the ategory T with the funtor Sp(T ) it represents had already appeared
in [8℄.
Roughly speaking, elements in jSp(T )j are (isomorphism lasses of) funtors from T into
D
b
(Vet
k
) whih preserve the unit objet and the tensor produt. This onstrution may
be viewed as analogous to the development of algebrai geometry from a funtorial point of
view, as done in [6℄.
In general jSp(T )j omes with some natural strutures: It is always a loally ringed spae
(2.3), and natural transformations between funtors gives a \path algebra" struture (2.4).
The onstrution T 7! jSp(T )j is ontravariant in T .
(1.1.2) Our onstrution is losely related to the prime spetrum Spe(T ) dened by Balmer
[2℄. Indeed there is always a omparison morphism
jSp(T )j  ! Spe(T ):
This morphism is not always an isomorphism (3.1.3).
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Balmer [2℄ showed that in the ase when X is a topologially noetherian sheme and T
X
:=
D(X)
parf
the triangulated tensor ategory of perfet omplexes [12, 3.1℄ on X (along with
the derived tensor produt), we have a natural omparison isomorphism
X  ! Spe(T
X
):
We will show in (3.3.4.1) that under the same assumptions we have omparison isomorphisms
X  ! jSp(T
X
)j  ! Spe(T
X
):
(1.1.3) On the other hand, the path algebra struture allows us to reover nite ordered
quivers from their representations [8℄; see (3.4.3.1) below.
(1.1.4) From the point of view of the reonstrution result (3.3.4.1), we see that non-isomorphi
shemes X;X
0
with equivalent ategories T
X

=
T
X
0
give distint tensor produts on the same
triangulated ategory. Conversely, starting with a sheme X, in order to understand other
shemes X
0
having equivalent ategory of perfet omplexes, we need to understand possible
tensor produts on the triangulated ategory T
X
.
Following this philosophy we give an alternative proof of the reonstrution theorem (4.2.1.1)
due to Bondal-Orlov [3℄. The proof in [3℄ may be interpreted as saying that a smooth
projetive variety X with ample (anti-)anonial bundle is the moduli spae of \point objets"
in T
X
= D
b
(X). This idea was later used to onstrut ops by Bridgelend in [4℄, where the
meaning of \point objets" depends on the hoie of a t-struture.
From our point of view, however, the spae of X is onstruted as the funtorial spetrum
jSp(T
X
)j rst. The reonstrution theorem by Bondal-Orlov is then reinterpreted as the
uniqueness of tensor produt on the triangulated ategory T
X
.
(1.1.5)When we work in the derived ategory D(O
X
 mod) all funtors onsidered are derived
funtors. For example, if f : Y ! X is a morphism between shemes we denote simply by
f

and f

the derived funtors Lf

and Rf

, respetively.
2 Representable functors on triangulated tensor categories
2
2.1 The set of points
(2.1.1) Let TT be the ategory of essentially small triangulated ategories whih is also a
strit monoidal ategory [9, Chapter VII, setion 1.℄, satisfying the following ompatibility
ondition with the triangulated ategory struture: The tensor produt is required to be
exat in eah variables.
Morphisms in TT are exat funtors whih are also strong monoidal funtors, that is, the
unit objets and tensor produts are preserved up to natural isomorphisms [9, Chapter VII,
setion 1.℄. Morphisms in TT will be simply alled tensor funtors.
If g : T ! T
0
is a tensor funtor whih is also an equivalene of ategories, then by [9, Chapter
VI, setion 4℄ and [10, Lemma 1.2℄ we know that its quasi-inverse g
0
: T
0
! T is exat, and
an be shown to be also a strong monoidal funtor.
For any T 2 TT denote by Sp(T ) the set-valued ovariant funtor HomTT(T; )=

=
on TT,
sending S 2 TT to the natural isomorphism lasses of tensor funtors from T to S. We will
typially denote elements in Sp(T )(S) simply by representative funtors F : T ! S.
(2.1.2) For any eld k denote by Vet
k
the abelian ategory of nite dimensional k-vetor
spaes, and by T
k
the derived ategory D
b
(Vet
k
) with the usual tensor produt and unit
objet k. We denote Sp(T )(T
k
) simply by Sp(T )(k).
The ategory T
k
is equivalent to the subategory
M
j
Vet
k
[j℄ by taking ohomology V 7!
H

(V ). Note that taking ohomology is a tensor funtor; we will often identify T
k
with
M
j
Vet
k
[j℄.
(2.1.3) For any eld extension k! k0 we have a tensor funtor  

k
k
0
: T
k
! T
k
0
and hene
a map Sp(T )(k)! Sp(T )(k
0
). Let
jSp(T )j := lim
 !
k
Sp(T )(k):
More preisely, jSp(T )j is the disjoint union of Sp(T )(k) modulo the equivalene relation
generated by F  F
0
if F 2 Sp(T )(k) is mapped to F
0
2 Sp(T )(k
0
) for some eld extension
k ! k
0
. For example, jSp(T
k
)j onsists of one point for every eld k. We denote by [F ℄ the
element in jSp(T )j represented by a funtor F : T ! T
k
.
In the following setions we introdue some natural strutures on the set jSp(T )j.
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(2.1.4) Notie that the onstrution above makes sense for any set-valued ovariant funtor
X on the ategory TT, giving a set jX j. This way we get a set-valued ovariant funtor on
the ategory Fun(TT;Set) of funtors on TT.
We say a subfuntor U  X is open if for every eld extension k! k0 induing f : X (k)!
X (k0) we have f 1U (k0) = U (k); note that the ontainment  holds for any subfuntor of
X .
This property allows us to \fold" the equivalene relation: If U  X is open then a point
[u℄ 2 jX j lies in the image of the natural map jU j ! jX j if and only if u 2 U (k) for every
representative u of [u℄.
In partiular in this ase jU j an be naturally identied with a subset of jX j. It is then
straightforward to show that





[
i
U
i





=
[
i
jU
i
j;
and
jU
1
\U
2
j = jU
1
j \ jU
2
j;
as subsets of jX j for any olletion U
i
of open subfuntors of X .
2.2 Topology
(2.2.1) For any olletion M of objets in T , denote by U
M
the subfuntor of Sp(T ) dened
by
U
M
(S) := fF : T ! S j 0 2 F (M


)g;
where M


denotes the the olletion of nite tensor produts of objets in M . Notie that
we have
U
M
=
[
a2M
U
a
;
and
U
M
1
\U
M
2
= U
M
1
M
2
;
where M
1
M
2
denotes the olletions of objets a
1
 a
2
with a
i
2M
i
.
(2.2.2) Sine the funtor   

k
k
0
: T
k
! T
k
0
for every eld extension k ! k
0
is injetive on
objets, the subfuntor U
M
is open the sense of (2.1.4).
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A subset of jSp(T )j is alled open if it is of the form U
M
:= jU
M
j for some M  T ; by (2.1.4)
we see that this indeed denes a topology on jSp(T )j.
Notie that if M is a nite set, let a be the tensor produt of objets in M , then we have
U
M
= U
a
:
Hene every quasi-ompat open subset of jSp(T )j is of the form U
a
= jU
a
j for some objet
a 2 T .
(2.2.3) As an example, for a 2 T the open set U
a
onsists of lasses [F ℄ 2 jSp(T )j of funtors
F : T ! T
k
with F (a) = 0. Dene the support s(a) of a to be the omplement of U
a
, then
the assoiation
a 7! s(a)
gives a support data (jSp(T )j; s( )) on T in the sense of [1, Denition 3.1℄.
2.3 Structure sheaf
(2.3.1) For any open set U  jSp(T )j let
T
U
=
\
[F ℄2U
ker(F );
note that this is well-dened sine for any eld extension k ! k
0
we have that ker( 

k
k
0
)
onsists of objets isomorphi to zero, hene the full triangulated subategory ker(F ) is
independent of the hoie of representative in the lass [F ℄ 2 U . Notie that T
U
is a thik
tensor ideal, and the loalization T=T
U
is again a triangulated tensor ategory.
More expliitly, with the notation in (2.2.3) we see that T
U
onsists of the objets a 2 T
suh that U is ontained in U
a
; or equivalently, the support s(a) is ontained in the losed
subset jSp(T )j   U .
Dene
R(U) := End
T=T
U
(1);
where 1 denotes the image of the unit objet in T=T
U
.
Notie that the onstrution U 7! T
U
reverses inlusion, hene U 7! R(U) is a presheaf of
ommutative rings [2, Lemma 9.6℄. Denote byO
T
its sheaation, then the pair (jSp(T )j;O
T
)
is a ringed spae.
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(2.3.2) We summarize some simple observations to be used freely below:
(2.3.2.1) Lemma Let M;M 0 be olletions of objets in T , a; a0 objets in T , U;U 0 open
subsets of jSp(T )j, and [F ℄ 2 jSp(T )j. The following statements hold:
(1) M M
0
) U
M
 U
M
0
.
(2) U  U
0
) T
U
 T
U
0
.
(3) [F ℄ 2 U
M
, ker(F ) \M 6= ;.
(4) [F ℄ 2 U ) ker(F )  T
U
.
(5) [F ℄ 2 U
a
, a 2 ker(F )) ker(F )  T
U
a
.
(6) a 2 T
U
a
 T
U
aa
0
.
(7) U
aa
0
 U
a
.
(2.3.3) We now ompute the stalk O
T;[F ℄
at a point [F ℄ 2 jSp(T )j. By denition we have
O
T;[F ℄
= lim
 !
[F ℄2U
End
T=T
U
(1):
Reall that every open set U is of the form U
M
=
[
a2M
U
a
for some M  T . Hene if [F ℄ 2 U
then [F ℄ 2 U
a
for some a, whih is equivalent to the ondition that a 2 ker(F ). In other
words, we have
O
T;[F ℄
= lim
 !
a2ker(F )
End
T=T
U
a
(1):
Notie that for every a 2 ker(F ) we have a fatorization
T
F //
""E
EE
EE
EE
EE
T
k
T=T
U
a
//
T= ker(F ):

F
::tttttttttt
The homomorphisms End
T=T
U
a
(1)! End
T= ker(F )
(1) then indues a homomorphisms
 : O
T;[F ℄
 ! End
T= ker(F )
(1):
(2.3.3.1) Proposition The homomorphism  above is an isomorphism. Moreover, End
T= ker(F )
(1)
is a loal ring; in partiular (jSp(T )j;O
T
) is a loally ringed spae.
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Proof. We will show more generally that the natural map
 : lim
 !
a2ker(F )
Hom
T=T
U
a
(x; y)  ! Hom
T= ker(F )
(x; y)
is an isomorphism for any x; y 2 T , viewed as objets in the loalizations.
We rst show that it is surjetive: Any element f 2 Hom
T= ker(F )
(x; y) is of the form
x
s
   w
g
 ! y;
where s and g are morphisms in T so that F (s) is an isomorphism. This means that
F (one(s)) = 0; let a := one(s) 2 ker(F ), then we see that f is a morphism in T=T
U
a
sine
a 2 T
U
a
, hene the element [f ℄ in lim
 !
a2ker(F )
Hom
T=T
U
a
(x; y) represented by f 2 Hom
T=T
U
a
(x; y)
maps to f under .
We now show that  is injetive: Let [f ℄ be in the kernel of . By denition [f ℄ is represented
by some f 2 Hom
T=T
U
a
(x; y), for some a 2 ker(F ). Hene f is of the form x
s
 w
g
! y with
s; g in T , and s is an isomorphism in T=T
U
a
. Sine s is also an isomorphism in T= ker(F ) we
see that g is mapped to zero in T= ker(F ).
Consider distinguished triangle in T :
w
g
 ! y
h
 ! one(g):
We see that h has a left inverse in T= ker(F ). By the surjetivity above, we an nd a
morphism m 2 Hom
T=T
U
b
(one(g); y) that maps to this left inverse in T= ker(F ). Sine
T
U
a
 T
U
ab
, both f and m may be viewed as a morphism in T=T
U
ab
.
Now the omposition m Æ h Æ g is equal to zero in T=T
U
b
, but m Æ h is an isomorphism in
T= ker(F ). This means that  := one(m Æ h) lies in ker(F ), and moreover m Æ h is already
an isomorphism in T=T
U

. Let d = a b , then in T=T
U
d
we have m Æ h Æ g = 0 but m Æ h
is an isomorphism, hene g is zero in T=T
U
d
, that is, [f ℄ = 0 as required for the injetivity
of .
Finally we show that End
T= ker(F )
(1) is a loal ring. Denote by

F
1
the homomorphism
End
T= ker(F )
(1)  ! End
T
k
(F (1))

=
k;
reall that F (1)

=
k plaed at degree zero in T
k
= D
b
(Vet
k
). It suÆes to show that
every f 2 End
T= ker(F )
(1) not lying in ker(

F
1
) is invertible, but this is just the denition of
loalization T= ker(F ): Sine k is a eld, f =2 ker(

F
1
) implies that

F
1
(f) is invertible in T
k
,
in other words an isomophism. Hene f is already an isomorphism in T= ker(F ).
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2.4 Path algebra
(2.4.1) For any eld k and F;G 2 Sp(T )(k) dene Hom(F;G) to be the k-vetor spae spanned
by natural transformations from F to G. Let A(T; k) be the diret sum of all Hom(F;G)
with F;G 2 Sp(T )(k), then by omposing natural transformations and k-linearity A(T; k) is
a k-algebra.
(2.4.2) With T xed the assoiation k 7! A(T; k) is funtorial in the sense that for every eld
extension k! k
0
we have an algebra homomorphism
 
k!k
0
: A(T; k)

k
k
0
 ! A(T; k
0
):
This way A(T; ) is an algebra-valued funtor on the ategory of elds; we all this funtor
the path algebra on jSp(T )j. Reall that we have maps Sp(T )(k) ! jSp(T )j for every k
sending F 7! [F ℄. The algebra A(T; k) may be onsidered as giving a quiver with Sp(T )(k)
as the set of verties.
2.5 Functoriality
(2.5.1) Any morphism g : T ! T 0 in TT indues by omposition a natural transformation
Sp(T
0
)! Sp(T ) between set-valued funtors. This in turn indued a map
 : jSp(T
0
)j  ! jSp(T )j:
In the following we show that this indued map preserves the various strutures introdued
above.
(2.5.2) Let M  T be a olletion of objets, and U
M
= jU
M
j the assoiated open subset
of jSp(T )j. Let M
0
= g(M), then it is straightforward to hek that that U
M
0
= 
 1
(U
M
),
hene  is ontinuous.
(2.5.3) Let U  jSp(T )j be an open subset, and U 0 =  1(U). Reall that an objet a 2 T
lies in T
U
if and only if U  U
a
. This last ontainment implies U
0
 
 1
(U
a
) = U
g(a)
, hene
g gives a funtor from T
U
into T
0U
0
. Hene we have an indued funtor
g
U
: T=T
U
 ! T
0
=T
0U
0
:
8
Reall the presheaf R : U 7! End
T=T
U
(1) on jSp(T )j whose sheaation was dened to be
O
T
; similarly we have a presheaf R
0
on jSp(T
0
)j. Then U 7! g
U
gives a presheaf morphism
R  ! 

R
0
;
whih in turns gives

#
: O
T
 ! 

O
T
0
;
making (; 
#
) a morphism between ringed spaes.
(2.5.4) Given [F 0℄ 2 jSp(T 0)j we have ([F 0℄) = [F 0 Æ g℄ =: [F ℄ 2 jSp(T )j. The indued map

#
[F
0
℄
: O
T;[F ℄
 ! O
T
0
;[F
0
℄
on stalks is
End
T= ker(F )
(1)  ! End
T
0
= ker(F
0
)
(1);
whih is indued by the restrition of g from ker(F ) = ker(F
0
Æ g) to ker(F
0
). We know that
these are loal rings with maximal ideals respetively ker(

F (1)) and ker(

F
0
(1)). Clearly 
#
[F
0
℄
maps the rst ideal into the seond, hene (; 
#
) is a morphism of loally ringed spaes.
(2.5.5) If  : F ! G is a natural transformation with F;G 2 Sp(T 0)(k), then for any a 2 T ,
a 7! 
g(a)
: F (g(a))  ! G(g(a))
is a natural transformation from F Æ g to G Æ g. This extends to a natural transformation
A(g) : A(T
0
; )  ! A(T; )
between path algebras.
2.6 Examples
(2.6.1) If g : T ! T 0 is tensor funtor whih is also an equivalene of ategories, then the
indued morphism  is an isomorphism; see (2.1.1).
(2.6.2) Consider the loalization funtor T ! T=TUa with a 2 T . Reall that a 2 TUa by
(2.3.2.1), hene we have a natural injetion
Sp(T=T
U
a
)(k)  ! U
a
(k)
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for every eld k: the set on the left side onsists of funtors F : T ! T
k
sending T
U
a
to 0,
while the set on the right side onsists of F sending a to zero. But if F (a) = 0 then [F ℄ 2 U
a
,
hene T
U
a
 ker(F ), and F lies in the left side. Therefore this map is in fat a bijetion.
Taking olimits we then obtain:
(2.6.2.1) Corollary For any a 2 T , we have an isomorphism between loally ringed spaes
jSp(T=T
U
a
)j

=
 ! U
a
indued by the loalization funtor T ! T=T
U
a
, where U
a
= jU
a
j is a loally ringed
subspae of jSp(T )j.
(2.6.3) Here we onstrut some triangulated tensor subategories whih will be used later in
the proof of (3.3.4.1). For any tensor funtor F : T ! T
k
denote by

F : T= ker(F )! T
k
the
indued funtor, and

F
1
: End
T= ker(F )
(1)! End
T
k
(1)

=
k
the evaluation of

F on endomorphisms of 1.
We denote by k(F ) the eld

F (End
T= ker(F )
(1)) = End
T= ker (F )
(1)= ker(

F
1
):
and by R(F ) the loal ring End
T= ker(F )
(1). Notie that they depend only on ker(F ), and in
partiular only on the lass [F ℄. The eld k(F ) is ontained in every eld k
0
so that [F ℄ is
represented by a funtor T ! T
k
0
.
Consider the funtor
F
0
: a 7! Hom

T= ker(F )
(1; a) 

R(F )
k(F );
here Hom

S
(x; y) denotes the diret sum
M
j2Z
Hom
S
(x; y[j℄)
for any triangulated ategory S. Notie that this is a module over End
S
(x).
The funtor F
0
takes values in T
k(F )
, sine F
0
(a) is naturally a graded k(F )-vetor spae; it
is exat, but possibly not always a tensor funtor. Moreover, evaluation of F at morphisms
gives a natural transformation  from H := F
0


k(F )
k to F :

a
: H(a) = Hom

T= ker(F )
(1; a) 

R(F )
k  ! Hom

T
k
(F (1); F (a))

=
F (a):
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We now have a diagram that is possibly not ommutative:
T
F
0
//
F !!C
CC
CC
CC
CC
T
k(F )
 

k(F )
k

T
k
:
Notie that 
a
: H(a) ! F (a) is an isomorphism whenever the image of a in T= ker(F ) is
isomorphi to 1. Sine both H and F are exat funtors, the olletion of objets a 2 T suh
that 
a
is an isomorphism is losed under shifting and taking ones.
Denote by P
F
the stritly full triangulated subategory of T generated by objets a 2 T
whih are isomorphi to 1 in T= ker(F ); here by \stritly" we mean that if a 2 P
F
and a

=
b
in T then b 2 P
F
. Equivalently, P
F
is the stritly full subategory of T onsisting of objets
whose images in T= ker(F ) lie in the triangulated subategory generated by 1 2 T= ker(F ).
Notie that P
F
is a stritly full triangulated tensor subategory of T depending only on the
lass [F ℄, and we have a ommutative diagram
P
F
F
0
//
F ""E
EE
EE
EE
E
T
k(F )
 

k(F )
k

T
k
:
(2.6.3.)
More preisely, the natural transformation  is an isomorphism between the funtors H and
F when restrited to P
F
.
Sine  

k(F )
k is injetive on objets, we see that F
0
is an exat tensor funtor from P
F
to
T
k(F )
. This gives the following
(2.6.3.1) Lemma Let F : T ! T
k
and G : T ! T
K
be tensor funtors with ker(F ) = ker(G);
in partiular P
F
= P
G
=: P . Then [F ℄ and [G℄ map to the same point under the natural
map jSp(T )j ! jSp(P )j indued by the inlusion P ,! T .
Proof. Indeed, the ondition ker(F ) = ker(G) implies moreover that
F
0
= G
0
: T ! T
k(F )
= T
k(G)
:
Diagram (2.6.3.) and the fat that F
0
is a tensor funtor shows that as points in jSp(P )j we
have [F ℄ = [F
0
℄ = [G
0
℄ = [G℄.
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3 Comparison morphisms
3.1 Prime spectrum
(3.1.1) Balmer [2℄ dened for every triangulated tensor ategory T a loally ringed spae
Spe(T ) whose underlying spae onsists of prime tensor ideals in T . This spae is nal
among all topologial spaes admitting a support data, whih is a map from the objets in
T to the set of losed subsets of the topologial spae satisfying some natural axioms [2,
Denition 3.1℄.
By (2.2.3) we have a ontinuous map
f : jSp(T )j  ! Spe(T ):
Expliitly, f : [F ℄ 7! ker(F ). Moreover, a basis of open sets of Spe(T ) are given by
U(a) := fP 2 Spe(T ) j a 2 Pg;
and we see that f
 1
(U(a)) = U
a
. The universal support data on Spe(T ) is given by
a 7! Spe(T )  U(a):
(3.1.2) For any losed subset Z of Spe(T ), let
T
Z
:= fa 2 T jZ(a)  Zg;
in other words, T
Z
onsists of objets a 2 T suh that U(a)  U := Spe(T )  Z. From this
we have
T
Z
=
\
P2U
P:
For any open subset U of Spe(T ) we then have a natural inlusion
T
f
 1
(U)
 T
Z
;
where Z is the omplement of U . This indues a funtor
T=T
Z
 ! T=T
f
 1
(U)
;
and in turn
End
T=T
Z
(1)  ! f

R(U)
with notations as in (2.3.1). Sine the struture sheaf O
Spe(T )
is dened to be the sheaa-
tion of the presheaf given by the ring on the left side, we obtain a morphism (f; f
#
) between
ringed spaes.
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(3.1.3) We remark that the omparison morphism f : jSp(T )j ! Spe(T ) is not a bijetion
in general. For a simple example, let ` be a eld and T be the orbit ategory T
`
=[m℄ whose
objets are the same as those of T
`
, but with
Hom
T
(a; b) =
M
j2Z
Hom
T
k
(a; b[jm℄):
(Compositions are dened in the \obvious" way; see [5, Denition 2.3℄.)
In [7, Setion 4, Theorem℄ and [11, Lemma 2.3℄ T is proved to be triangulated so that the
natural funtor T
`
! T (identity on objets) is an exat funtor. On the other hand, learly
the tensor produt on T
`
gives a bifuntor TT ! T , and it is easy to show that this indued
tensor produt 

T
on T is exat in eah variables: It suÆes to observe that the olletion
of objets a 2 T
`
so that a 

T
  : T ! T is an exat funtor is losed under shifting and
taking ones, and ontains the unit objet.
The set jSp(T )j is empty: In T every objet a is isomorphi to a[m℄, and in partiular the
unit objet ` is isomorphi to its shift `[m℄, hene there annot be any exat tensor funtor
from T to T
k
as long as m 6= 0. Meanwhile, Spe(T ) is always non-empty [2, Proposition 2.3
(d)℄.
3.2 Scheme
(3.2.1) For any sheme X denote by T
X
the triangulated tensor ategory D(X)
parf
[12, 3.1℄;
its unit objet is O
X
. We dene a morphism of loally ringed spaes
 : X  ! jSp(T
X
)j
as follows.
For any point x 2 X, denote by x

: T
X
! T
k(x)
the derived base hange funtor via
Spe(k(x))! X, where k(x) is the residue eld of O
X;x
. Then  : x 7! [x

℄ denes  on the
underlying sets.
(3.2.2) Until the end of this setion we will assume that X is topologially noetherian; that
is, its open sets satisfy the asending hain ondition. Notie that this is equivalent to
that all open sets are quasi-ompat, and in partiular implies that X is quasi-ompat and
quasi-separated.
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(3.2.3) To see that  is ontinuous, let U
a
 jSpe(T
X
)j be a basis open subset. Then we
have

 1
(U
a
) = fx 2 X jH

(x

a) = 0g;
namely, the omplement on X of the ohomology support. By [12, Lemma 3.4℄ this is open,
hene  is ontinuous.
(3.2.4) Now we need to dene 
#
U
: O
T
X
(U) ! O
X
(
 1
(U)) for any open set U in jSp(T
X
)j;
for simpliity we denote 
 1
(U) by U
0
. For this it suÆes to dene on presheaves a homo-
morphism
R(U) = End
T
X
=T
U
X
(1)! O
X
(U
0
):
Notie that O
X
(U
0
) = End
T
U
0
(O
U
0
) sine T
U
0
is a full subategory of the derived ategory
D(U
0
) = D(O
U
0
 Mod) of the sheme U
0
. Therefore it suÆes to observe that the natural
restrition funtor T
X
! T
U
0
sends objets in T
U
X
to zero, sine then we have a fatorization
T
X
 ! T
X
=T
U
X
 ! T
U
0
(3.2.4.)
of the restrition funtor j

: T
X
! T
U
0
.
(3.2.4.1) Lemma In the situation above we have TU
X
 ker(j

: T
X
! T
U
0
).
Proof. a 2 T
U
X
implies that for every x 2 U
0
we have that x

(a) is given by an ayli
omplex in T
k(x)
. By [12, Lemma 3.3 (a)℄ this implies that j

(a) = aj
U
0
= 0.
(3.2.5) Let x 2 X, then x : T
X
! T
k(x)
fators through (3.2.4.) for any open set U 
jSp(T )j ontaining [x

℄ (in partiular U
0
ontains x). Hene if r 2 O
T;[x

℄
is represented
by ~r 2 End
T=T
U
(1) (see (2.3.3)) and mapped to zero under

x

: T
X
= ker(x

) ! T
k(x)
, then
the image of ~r in End
T
U
0
(1) also maps to zero under x

: T
U
0
! T
k(x)
. Hene (;
#
) is a
morphism of loally ringed spaes.
3.3 Comparison theorem for schemes
(3.3.1) Combining (3.1) and (3.2) we have morphisms
X

 ! jSp(T
X
)j
f
 ! Spe(T
X
)
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for any sheme X. Denote by  the omposition f Æ .
In [2, Corollary 5.6℄ it was proved that  is an isomorphism of ringed spaes when X is
topologially noetherian. We will prove under the same assumption that  is also an isomor-
phism.
(3.3.1.1) Lemma If X is a topologially noetherian sheme, then for every [F ℄ 2 jSp(T
X
)j
we have for a unique x 2 X suh that ker(F ) = ker(x

).
Proof. The map  sends x 7! ker(x

), and f sends [F ℄ 7! ker(F ).
(3.3.2) The ondition for objets in P
F
in (2.6.3) mimis the notion of perfet omplexes on
a sheme. Indeed, we have
(3.3.2.1) Proposition Let X be a topologially noetherian sheme; T
X
= D(X)
parf
. Then
for every [F ℄ 2 jSp(T
X
)j we have T
X
= P
F
.
Proof. Let a be a omplex representing an objet in T
X
, and [F ℄ 2 jSp(T
X
)j. By (3.3.1.1)
there is a point x 2 X suh that ker(x

) = ker(F ). Hene to prove that a lies in P
F
it suÆes
to show that a lies in the stritly full triangulated subategory generated by 1 in T
X
= ker(x

).
So let M  T
X
= ker(x

) be a stritly full triangulated subategory ontaining 1; we need to
show that a 2M .
Choose an open neighbourhood U
0
of x in X on whih a is quasi-isomorphi to a strit perfet
omplex; it exists by the denition of perfet omplexes. By shrinking U
0
if neessary we
may assume that a is quasi-isomorphi on U
0
to a bounded omplex of nite diret sums of
1 = O
U
0
. By [12, Lemma 3.4℄ we an nd an objet b in T
X
whose support on X is equal to
X   U
0
; in partiular we have 
 1
(U
b
) = U
0
.
With notations as in (3.3.2.2) below, we see that

j

(a) lies in the triangulated subategory

j

(M) ontaining 1 = O
U
0
2 T
U
0
= ker(x

). But by (3.3.2.2) and the strit fullness of M we
see that (

j

)
 1
(

j

(M)) =M , hene a lies in M .
(3.3.2.2) Lemma Let X be a topologially noetherian sheme; T
X
= D(X)
parf
. For any
open subset U  jSp(T
X
)j, let U
0
= 
 1
(U)  X; let x 2 U
0
. Then the natural funtor

j

: T
X
= ker(x

)  ! T
U
0
= ker(x

) is fully faithful. In partiular, if

j

(a) is isomorphi to

j

(b) then a is isomorphi to b in T
X
= ker(x

).
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Proof. We rst prove that

j

is faithful. Let a; b be objets in T
X
= ker(x

), and a
s
 
f
! b
be a morphism whih is mapped to the zero morphism in T
U
0
= ker(x

). This means that we
have a ommutative diagram in T
U
0
d
0
!!C
CC
CC
CC
C
u

t
}}zz
zz
zz
zz
j

a j


j

s
oo
j

f
//
j

b
where x

t is an isomorphism. This implies that x

u is also an isomorphism, hene by applying
[12, Lemma 3.3 (a)℄ to x

one(u) we see that there is some open neighbourhood U
00
of x in
U
0
suh that k

u is already an isomorphism, where k : U
00
! U
0
is the inlusion.
This implies that k

j

f = 0 = k

j

0 in T
U
00
. By applying [13, Proposition 5.2.4 (a)℄ to the
inlusion U
00
 X, we have e 2 T
X
and morphisms 
w
 e
g
! b with x

w an isomorphism and
suh that the following diagram is ommutative:
e
fÆw=0
?
??
??
??
w

sÆw
  
  
  
  
a 
s
oo
f
//
b:
This says preisely that the morphism a
s
 
f
! b we began with is zero.
Now we show that

j

is full. Let a; b be in T
X
and j

a
s
 
f
! j

b be an element in
Hom
T
U
0
= ker(x

)
(j

a; j

b); in partiular x

s is an isomorhpism. Then as above there is an
open neighbourhood U
00
of x in U
0
suh that k

s is already an isomorphism.
Now (k

f) Æ (k

s)
 1
: k

j

a ! k

j

b is a morphism in T
U
00
. By [13, Proposition 5.2.3 (a)℄
there is an objet d 2 T
X
along with morphisms a
t
 d
g
! b suh that k

j

t is an isomorphism
in T
U
00
and the following diagram is ommutative:
k

j

d
k

j

t
zzvv
vv
vv
vv
v
k

j

g
$$I
II
II
II
II
k

j

a
(k

s)
 1
//
k


k

f
//
k

j

b:
We will show that the image of a
t
 d
g
! b under

j

is equal to j

a
s
 
f
! j

b.
By [13, Proposition 5.2.3 (a)℄ applied to the morphism (k

s)
 1
Æ (k

j

t) : k

j

d! k

 above,
there is an objet e in T
U
0
along with morphisms j

d
r
 e
h
!  so that k

r is an isomorphism
and the following diagrams are ommutative:
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k
j

d
k

j

t
zzvv
vv
vv
vv
v
k

e
k

woo
k

h{{xx
xx
xx
xx
x
k

j

a k

;
k

s
oo
k

e
k

w //
k

h ##F
FF
FF
FF
FF
k

j

d
k

j

g
$$I
II
II
II
II
k


k

f
//
k

j

b:
Now by the faithfulness of

k

: T
U
0
= ker(x

)! T
U
00
= ker(x

) proved above, we see that there
is another objet e
0
in T
U
0
along with morphisms e
0
! e, e
0
! j

d, and e
0
! , with the
rst morphism beoming an isomorphism under x

, and suh that the following diagram is
ommutative:
j

d
j

t
}}{{
{{
{{
{{
j

g
!!C
CC
CC
CC
C
j

a
e
0

OO
oo //
j

b
;
f
==zzzzzzzz
s
bbDDDDDDDD
where the arrows to the left and right are dened to be the obvious ompositions. This
diagram says that the image of a
t
 d
g
! b under

j

is equal to j

a
s
 
f
! j

b, and so

j

is
full.
(3.3.3) Returning to the omparison morphisms
X

 ! jSp(T
X
)j
f
 ! Spe(T
X
);
we now have
(3.3.3.1) Proposition The map  is a homeomorphism when X is a topologially noetherian
sheme.
Proof. By [2, Corollary 5.6℄, the omposition  = f Æ  is a homeomorphism. Hene it
suÆes to show that the ontinuous map  is a bijetion, and it only remains to show that
it is surjetive.
Let [F ℄ 2 jSp(T
X
)j. By (3.3.1.1) there is a unique x 2 X suh that ker(F ) = ker(x

). By
(3.3.2.1) we have T
X
= P
F
= P
x

, and by (2.6.3.1) we have [F ℄ = [x

℄.
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(3.3.4) Now we an nish the proof of
(3.3.4.1) Theorem If X is a topologially noetherian sheme and T
X
= D(X)
parf
, then the
omparison morphism
X

 ! jSp(T
X
)j
is an isomorphism.
Proof. By (3.3.3.1) we know that  is a homeomorphism, so it only remains to show that

#
as dened in (3.2.4) is a sheaf isomorphism. For this it suÆes to show that for every
open set U  jSp(T
X
)j the homomorphism
End
T
X
=T
U
X
(1)  ! End
T
U
0
(1)
indued by the restrition funtor j

: T
X
=T
U
X
! T
U
0
is an isomorphism; note that U
0
=

 1
(U) is now identied with U . But by [13, Proposition 5.2.3 (a), Proposition 5.2.4 (a)℄ the
funtor j

is fully faithful.
3.4 Comparison theorem for quivers
(3.4.1) Let Q be a quiver possible with relations. We require that the relations satisfy the
property that the ategory Q Rep
`
of nite dimensional Q-representations over a eld ` is
monoidal under the usual vertex-wise tensor produt. Note that this tensor produt is exat,
and T
Q;`
:= D
b
(Q Rep
`
) is then a `-linear triangulated tensor ategory.
(3.4.2) Let Q
0
b the set of verties of Q. Then for any v 2 Q
0
we have a tensor funtor
F
v
: T
Q;`
! T
`
sending
V 7! H

(V )
v
;
where the ohomology H

(V ) of an objet V 2 T
Q;`
is a omplex with zero dierential
with objets in Q Rep
`
. The omplex of `-vetor spaes of H

(V )
v
at the vertex v is then
naturally an objet in T
`
.
This denes a map from Q
0
to Sp(T
Q;`
)(k) for every eld extension `! k, and hene a map
from Q
0
to jSp(T
Q;`
)j.
The following is proved in [8℄:
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(3.4.2.1) Proposition If Q is nite and without oriented yles, then for every eld we
have homeomorphisms
Q
0
 ! jSp(T
Q;`
)j  ! Spe(T
Q;`
);
where Q
0
is given the disrete topology. These maps are given by v 7! [F
v
℄ and [F ℄ 7!
ker(F ).
(3.4.3) Assoiated to the quiver Q we have an algebra-valued funtor on the ategory of elds
sending
k 7! A(Q; k) := kQ;
the path algebra of Q. Fixing a eld ` and restriting this to eld extensions `! k, we will
dene a natural transformation between funtors
 : A(Q; )  ! A(T
Q;`
; );
where the seond funtor was dened in (2.4.2).
Expliitly, if p is a path from vertex v to vertex w giving an element p 2 A(Q; k), then for
any eld extension `! k, 
k
(p) is the element in Hom(F
v


`
k; F
w


`
k)  A(T
Q;`
; k) sending
V 7! 
k
(p)
V
:= (V
p
: F
v
(V )! F
w
(V )):
The following is proved in [8℄:
(3.4.3.1) Theorem If Q is nite and without oriented yles, then for every eld ` the
natural transformation  above is an isomorphism from A(Q; ) to A(T
Q;`
; ).
4 Rigidifying tensor products
4.1 Identifying tensor products
Here we prove a few simple preliminary lemmas that will help us ompare tensor produts
on triangulated ategories.
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(4.1.1) We onsider rst the situation when there is an exat equivalene g : T ! T 0 of
triangulated ategories, when T
0
has a given tensor produt 

0
. Denote by g
0
a quasi-inverse
to g, then we an dene a tensor produt 

1
on T by setting
a

1
b := g
0
(g(a) 

0
g(b)):
(4.1.1.1) Lemma The funtor g : (T;

1
)! (T
0
;

0
) is an equivalene of triangulated tensor
ategories. In partiular we have an isomorphism jSp(T
0
;

0
)j

=
jSp(T;

1
)j of loally
ringed spaes.
Proof. It only remains to show that g is a strong monoidal funtor:
g(a 

1
b) = gg
0
(g(a) 

0
g(b))

=
g(a) 

0
g(b):
(4.1.2) Let u be an objet in a triangulated tensor ategory (T;

1
) be suh that the exat
funtor m : T ! T dened by a 7! u

1
a is an equivalene with quasi-inverse m
0
. Then we
an dene a tensor produt 

0
on T by setting
a

0
b := m(m
0
(a)

1
m
0
(b)):
(4.1.2.1) Lemma The funtor m : (T;

1
) ! (T;

0
) is an equivalene of triangulated
tensor ategories. In partiular we have an isomorphism jSp(T;

0
)j

=
jSp(T;

1
)j of
loally ringed spaes.
Note that sine the unit objet 1 with respet to 

1
is isomorphi to g
0
(u), the objet u is
the unit objet with respet to 

0
.
Proof. We ompute:
m(a

1
b)

=
m(m
0
m(a)

1
m
0
m(b)) = m(a)

0
m(b):
(4.1.3) Let T be a triangulated ategory, and W  T a full subategory, not neessarily
triangulated. We say that W generates T if for every a 2 T there are nitely many objets
w
1
; w
2
; : : : ; w
m
in W and distinguished triangles in T :
a
1
 ! w
1
 ! a  ! a
1
[1℄;
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a2
 ! w
2
 ! a
1
 ! a
2
[1℄;
: : : ;
w
m
 ! w
m 1
 ! a
m 1
 ! w
m
[1℄;
for some objets a
1
; : : : ; a
m 1
.
(4.1.3.1) Lemma If (T;
) is a triangulated tensor ategory, then 
 is determined by its
restrition to W  T ! T for any full subategory W generating T .
Proof. More preisely, if 
 and 

0
are tensor produts on T whose restritions to W T are
isomorphi, then the isomorphism extends to an isomorphism between 
 and 

0
on T  T .
Indeed, suppose 
w;b
: w 
 b

=
 ! w 

0
b, w 2 W , a 2 T , is a natural isomorphism between
the restritions, we need to extend to an isomorphism 
a;b
: a 
 b

=
 ! a 

0
b, a; b 2 T .
To this end we only need to nd a \resolution" of a by objets in W as above and apply

 ;b
:  
 b!  

0
b to every distinguished triangle.
4.2 Example: smooth varieties with ample (anti-)canonical bundles
(4.2.1) We will give a proof of the following
(4.2.1.1) Theorem [3, Theorem 2.5℄ Let X be an irreduible smooth projetive variety
over a eld k with ample (anti-)anonial bundle. If X
0
is another irreduible smooth
projetive variety over k suh that D
b
(X) and D
b
(X
0
) are equivalent as triangulated
ategories, then X is isomorphi to X
0
.
Our proof is not ompletely independent of that in [3℄; see (4.2.2.1) below.
Under the smoothness assumption, D
b
(X) is equivalent to T
X
= D(X)
parf
, therefore the
knowledge of the whole tensor produt T
X
 T
X
! T
X
already allows us to reonstrut X
(3.3.4.1).
The main point of the proof is that the ampleness assumption allows us to reover the whole
tensor produt from the restrited tensor produt W  T
X
! T
X
for ertain subategory W
generating T
X
, whih in turn is determined by the unique Serre funtor.
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(4.2.2) Denote by g : T
X
! T
X
0
an exat equivalene with quasi-inverse g
0
; denote by 
 and


0
their respetive tensor produts.
(4.2.2.1) Lemma With assumptions as in (4.2.1.1), g(O
X
) is isomorphi to a line bundle
on X
0
.
Proof. For any losed point x
0
2 X
0
, by [3, Proposition 2.2℄ we have that g
0
(O
x
0
)

=
O
x
[i℄ for
some integer i 2 Z and losed point x 2 X, depending on x
0
. Note that the residue eld k(x)
an be reovered as End
T
X
(O
x
), in partiular we have k(x)

=
k(x
0
); denote this eld by k
0
.
Hene we have
Hom
T
k
0
(x
0
g(O
X
); k
0
[j℄)

=
Hom
T
X
0
(g(O
X
);O
x
0
[j℄)

=
Hom
T
X
(O
X
;O
x
[i+ j℄);
whih is isomorphi to k
0
when i+ j = 0, and is equal to zero when i+ j 6= 0.
In partiular x
0
g(O
X
) is non-zero for every losed point x
0
2 X
0
, hene the support of g(O
X
)
is the whole of X
0
. Moreover, representing g(O
X
) by a perfet omplex on X
0
we see that this
omplex has only one non-zero ohomology sheaf (in partiular the integer i is independent
of x
0
), whih must be a line bundle on X
0
sine all of its bres have rank one.
(4.2.3) Now we an give a
Proof of Theorem (4.2.1.1). Denote by g : T
X
! T
X
0
an exat equivalene with quasi-
inverse g
0
; denote by 
 and 

0
the respetive derived tensor produts on these two triangu-
lated ategories. By (4.1.1.1) we have a tensor produt 

1
on T
X
dened by
a

1
b = g
0
(g(a) 

0
g(b))
so that there are isomorphisms of loally ringed spaes
X
0

=
 ! jSp(T
X
0
;

0
)j

=
 ! jSp(T
X
;

1
)j:
Denote by ! and !
0
the anonial line bundles on X and X
0
respetively, and by S; S
0
the
shifts of the Serre funtors so that S(a) = a 
 ! and S
0
(a
0
) = a
0


0
!
0
; we will use the fat
that Serre funtors ommute with exat equivalenes [3, Proposition 1.3℄. Let !
1
:= g
0
(!
0
),
then we have natural isomorphisms
a

1
!
1

=
g
0
(g(a) 

0
!
0
) = g
0
S
0
g(a)

=
g
0
gS(a)

=
a
 !;
for every a 2 T
X
. In partiular, by taking a = O
X
we have O
X


1
!
1

=
!.
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Now by (4.2.2.1) we know that g(O
X
) is a line bundle on X
0
, hene in partiular the funtor
a
0
7! g(O
X
)

0
a
0
is an autoequivalene on T
X
0
. It then follows that m : a 7! O
X


1
a is an
autoequivalene on T
X
; denote by m
0
its quasi-inverse. Hene by (4.1.2.1) there is another
tensor produt 

0
on T
X
dened by
a

0
b = m(m
0
(a)

1
m
0
(b))
so that we now have isomorphisms
X
0

=
 ! jSp(T
X
;

1
)j

=
   jSp(T
X
;

0
)j:
Now we ompute:
a

0
!

=
m(m
0
(a)

1
m
0
(O
X


1
!
1
))

=
m(m
0
(a) 

1
!
1
)

=
mSm
0
(a)

=
mm
0
S(a)

=
S(a):
Hene we have natural isomorphisms
(a 7! S(a))

=
(a 7! a

0
!)

=
(a 7! a
 !):
Let W  T
X
be the full subategory onsisting of objets of the form
M
j
!

`
j
[m
j
℄ with
`
j
;m
j
2 Z and only nitely many summands. Then sine either ! or !
 1
is ample, W
generates T
X
[13, Proposition 2.3.1 (d)℄. But the restritions of 
 and 

0
to W  T
X
! T
X
both give diret sums of iterations of shifts of the Serre funtor, and so by (4.1.3.1) we know
that 
 and 

0
are isomorphi, and we onlude:
X
0

=
 ! jSp(T
X
;

0
)j

=
jSp(T
X
;
)j

=
   X:
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